
Fitting Potential Energy Surfaces by Learning the Charge Density
Matrix with Permutationally Invariant Polynomials
Younos Hashem, Katheryn Foust, Martina Kaledin,* and Alexey L. Kaledin*

Cite This: J. Chem. Theory Comput. 2023, 19, 5690−5700 Read Online

ACCESS Metrics & More Article Recommendations *sı Supporting Information

ABSTRACT: The electronic energy in the Hartree−Fock (HF) theory is the trace of
the product of the charge density matrix (CDM) with the one-electron and two-
electron matrices represented in an atomic orbital basis, where the two-electron matrix
is also a function of the same CDM. In this work, we examine a formalism of analytic
representation of a generic molecular potential energy surface (PES) as a sum of a
linearly parameterized HF and a correction term, the latter formally representing the
electron correlation energy, also linearly parameterized, by expressing the elements of
CDM using permutationally invariant polynomials (PIPs). We show on a variety of
numerical examples, ranging from exemplary two-electron systems HeH+ and H3

+ to the
more challenging cases of methanium (CH5

+) fragmentation and high-energy
tautomerization of formamide to formimidic acid that such a formulation requires significantly fewer, 10−20% of PIPs, to
accomplish the same accuracy of the fit as the conventional representation at practically the same computational cost.

1. INTRODUCTION
The exciting progress in the analytic representation of molecular
interaction potentials commonly known as potential energy
surfaces (PESs) and temporally spanning the previous two
decades provides a strong stimulus for further advancement of
the existing computational methodologies. From the numerous
machine learning approaches1−5 to variations of the permuta-
tionally invariant polynomial theory (PIP) methods,6−10 there
have been a plethora of unique theories for the description of
intermolecular interaction potentials.11−18 Notably, several
exemplary calculations reported in recent years while using
high levels of electronic structure theory have displayed the
applicability of the PIP and other similar approaches in a number
of such diverse studies as those involving quantum scattering
calculations of hydrogen atom abstraction by the OH radical3

and reaction dynamics simulations of ionic and radical species
on PESs fitted to ab initio data19,20 and impressively with the
inclusion of relativistic effects.21 Those and other recently
reported calculations have shown, for instance, that to achieve
the quality of a PES fit approaching that of the CCSD(T) level of
theory, being generally recognized as the “gold standard” in
quantum chemistry,7,9 one only needs a fraction of training set
configurations calculated at this level to make the production of
such high-quality PESs practical even for relatively large
polyatomic molecules.9,22,23

Admittedly, the PIP approach is noteworthy to the present
work, given our contemporaneous aims at studying vibrational
(infrared and Raman) spectroscopy of molecules, ions, and
radicals based on first principles molecular dynamics (MD),
including the effects of like nucleus indistinguishability.24

Following our recent efforts on large-scale direct MD
simulations of molecular vibrational spectra,25 we are addition-

ally motivated to apply the PIP approach to larger polyatomic
systems since it is a natural way of representing the potential
energy, given that permutations of identical nuclei leave the
energy unchanged. Furthermore, the method of PIPs is
straightforward to apply to essentially any molecular property,
such as multipole moment surfaces: dipole moment (DMS),
quadrupole moment (QMS), and octupole moment (OMS)
surface being the most important ones, and also the polar-
izability tensor surfaces (PTS), as demonstrated by us
previously.26−28

In the PIP approach, however, one is unfortunately plagued by
the fundamental bottleneck of the permutational symmetry
space. That is, to construct a PIP basis of any order for a generic
ANBM··· molecular system (N,M,··· being the numbers of atoms
of each kind), one must apply a symmetrization operation N!
M!··· times to a generating polynomial while doing so in an (N +
M+···)(N + M+···−1)/2 vector space of the internuclear
distances.6,7 The factorial scaling is obviously problematic and
has been treated occasionally by simply reducing the full
permutational symmetry, as described in some recent works on
H2−H2O PESs.29,30

To overcome this obstacle in a more systematic way, some
rather ingenious machine learning-based approaches have been
extensively explored, from fundamentally invariant PIP theories
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to a backward differentiation method for PES energies and
gradients.8−10,23,31 Moreover, the recently reported embedded-
atom neural network (NN) calculations examined the possibility
of expressing the total energy by breaking it down in Cartesian
tensor components of the density, invoking the formalism of
basis set expansion of the wavefunction and doing so with highly
encouraging results.32 The latter method, to be pointed out, is
viewed by us as one that is supposed to alleviate the daunting
task of generating a high-order PIP by introducing physically
meaningful variables32 (with mandatory extra fitting parame-
ters) in the nonlinear NN search fields. Others have attempted
to achieve the same goal by using symmetry-adapted NNs.10,17

As an aside, we mention that molecular properties, including the
total energy, can be written out in terms of the electron density,
for instance, in the form of the multipole decomposition analysis
exemplified by Stone33,34 and Price and co-workers,35,36 the
energy decomposition analysis of Morokuma,37 and others.38−42

The same may naturally be done for PIP-based PES
representation.

However, we note that further assumptions about the explicit
physical form of the PESs being fitted using PIPs or incidentally
other functions appear to not have been explored. In the
conventional PIP approach, the fitting functions are by default
constructed as regular polynomials regardless of the PES’s
compositional nature, i.e., electron−nucleus and electron−
electron interactions, including the electron’s intrinsic spin
symmetry. Alternatively, there are perturbation theory ap-
proaches of first constructing a low-level PES (ELL) using an
approximate theory, e.g., Hartree−Fock (HF) or density
functional theory (DFT) and fitting with one set of PIPs and
then fitting the difference energy relative to a high-level (HL)
theory, usually CCSD(T): EHL−LL = EHL − ELL with the same or
a different set of PIPs in an effort to bring the composite fit to the
HL accuracy. The latter approach is commonly known as Δ-
machine learning for PESs and has been quite fruitful for cases of
small molecules and larger peptides with relatively low
permutational symmetry.4,5,9,22,43−45 The idea is based on the
supposition that EHL−LL is a much slower varying function of
nuclear configuration than both the EHL and ELL energies.
Therefore, it is supposed that one requires significantly fewer HL
points than LL points and consequently fewer PIP terms,
making the composite HL fit only marginally more expensive
than the laboriously constructed LL fit. Nevertheless, it should
be made clear that one still needs to fit the LL data in the first
step of this procedure and do so with an extensive set of PIPs
with the underlying computational difficulties.

Bearing this point in mind, we introduce below a modified
approach to fitting a PES to a training set of data obtained at a
correlated but relatively cheap level of theory, e.g., DFT. The
approach is inspired by a combination of the embedded-atom
NN and the Δ-machine learning procedures, described above.
We implement our approach by assuming that a typical PES has
an approximate form of the Hartree−Fock energy, and
simultaneously we treat ΔE, formally the correlation energy,
as a correction energy in the sense of EHL−LL. We propose to do
so with a comparatively low-order PIP by taking advantage of the
properties of ELL and ΔE. If desired, additional corrections to
bring the fit to an HL quality (MP2, CCSD, etc.) can be made by
applying the conventional Δ-machine learning procedure,
although we will not consider this step in the present work as
it is not essential to the discussion.

We briefly recall that the exact electronic energy in the sense
of a full configuration interaction (FCI) in a given basis set may

be written as a sum of the Hartree−Fock energy and the
correlation energy

= +E E M E MPIP PIP( ( )) ( ( ))FCI HF corr (1)

where PIP(M) indicates a linear combination of PIPs defining
the corresponding energy term of some total orderM, shared by
both terms. For a typical closed-shell system dominated by a
single determinant, the correlation energy is a small fraction of
EFCI (as will be shown in Section 3). From this perspective, eq 1
is homologous with the Δ-machine learning formulation having
the following choices: ELL = EHF, EHL = EFCI, and EHL−LL = Ecorr,
the correlation energy. For practical purposes, EFCI may be any
post-HF or even a DFT level of theory, with optionally added
empirical dispersion corrections, with EHL−LL representing the
correlation energy, a slowly varying function of the nuclear
configuration. The point where the present formulation differs
in technique from the existing ones is in treating EHF(PIP) as a
sum of electron density components fitted individually while
treating Ecorr(PIP) using PIPs in a conventional manner, to be
elucidated below. The premise of this approach is that both of
the key terms (EHF and Ecorr) can be fitted simultaneously and
with a similar level of precision while using one set of low-order
PIPs.

2. COMPUTATIONAL METHODS
In the closed-shell Hartree−Fock theory, the total electronic
energy, with the nuclear repulsion energy added, is a sum over
the 1- and 2-electron Hamiltonian matrix elements in an AO
basis set46,47

= + +E P H F E
1
2

( )HF
ab

ab ab
core

ab nuc rep
(2)

For formulaic compactness, not dissimilar to the minimal basis
DFTB,48 we assume a single primitive basis function per atom
center a and a generic basis set {�a}K; extension to larger basis
sets is straightforward. In the above, P is the (bond order) charge
density matrix defined as a sum of density matrices over the
occupied orbitals I with the MO coefficients dIa, namely, Pab =
2∑IdIa*dIb, although, for the present purposes, its formal
definition is unimportant. Hcore is the core Hamiltonian matrix,
a one-electron operator embedding the electron kinetic energy
and the Coulomb interactions of the electrons with the nuclei

= +H T Vab
core

ab ab (3a)

so formally, one has47

=T r r r
1
2

d ( ) ( )ab a
2

b (3b)

=
| |

V Z r
r r

r R
d

( ) ( )

c
ab c

a b

c (3c)

to be integrated over the electron coordinates r while Rc is the
position of atom c with nuclear charge Zc. Finally, F is the Fock
matrix consisting of the one-electron core Hamiltonian and a
two-electron contribution, G

= +F H G P( )core (4a)

=G P I I
1
2ab

cd
cd cd

ab
cb
ad

Ä

Ç

ÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑ (4b)

The quantities inside the square brackets in eq 4b are the two-
electron integrals
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=I rr r r r r rd d ( ) ( ) ( ) ( )cd
ab

1 2 a 1 b 1 c 2 d 2 12
1

(5)

If we use a Cartesian Gaussian basis set, i.e.,

= [ | | ]D x y zr r R( ) expl l l
l l l

a a a
2

x y z
x y z

(6)

where Dldxl dyldz
is the normalization constant and lx ly lz are the

orbital quantum number integers, then eqs 3−5 can be
expressed analytically in terms of Gaussian and error functions
with the �a exponents as parameters (see the Supporting
Information for details).

Rewriting eq 2 in an expanded form shows in a clearer way
how the HF energy can be parameterized in terms of the
elements of P

= + +

+

E P T V P I I

E

1
2

1
2HF

ab
ab ab ab

cd
cd cd

ab
cb
ad

nuc rep

i

k

jjjjjj

Ä

Ç

ÅÅÅÅÅÅÅÅ

É

Ö

ÑÑÑÑÑÑÑÑ

y

{

zzzzzz

(7)

since all of the quantities inside the brackets are parameterized
functions of �a and Ra.

To continue, we express the diagonal density matrix elements
Paa using PIPs as we would express the partial charges in a
multipole representation27,28

= +P n c uR R R( ) ( ) ( )
i

L

i iaa a a
atom

a,
(8)

where na is the permanent electron population on atom a (e.g., na
= 8 for Oxygen); ciatom are linear expansion coefficients
expressing all of the atomic populations in the given atom
class; ua,i is the i-th PIP of the total power 0 <mi ≤M describing
atom a, and �a is a long-range damping function (see the SI for
exact definitions). Here, we use the collective Cartesian
coordinate R to describe a nuclear configuration. The PIPs are
expressed in the usual N(N − 1)/2 internuclear distances
employing a permutationally symmetrized sum of monomial
products by cycling over all possible permutations J

= ···u b y y yR( )i
j

J

i j
p q

N N
z

a, a, , 12 13 ( 1)
i j i j i j, , ,

(9)

and symmetrized with the binary phase factors ba,i,j = ±1.28 The
phases ensure covariance of ua,i(R), meaning that a permutation
of two identical nuclei, e.g., 1 and 2, results in a corresponding
exchange of P11 and P22 so that the total energy is invariant under
the permutation. For the atom pair (a,a′), the usual choice for
the internuclear distance function is a Morse variable, yaa′

pi,j =
exp(−pi,jdaa′/d0), where pi,j is an integer power, daa′ = |Ra − Ra′|,
and d0 is a parameter. The integer powers satisfy the relation pi,j +
qi,j + ··· + zi,j = mi. All combinations of a given integer set, which
satisfy the like atom permutational symmetry rules, are
considered for each mi. For a chosen maximal polynomial
power M, this determines the PIP basis size L.

The off-diagonal elements, specifically those connecting two
different atom sites, are expressed similarly and with a short-
range damping factor to ensure a proper wavefunction behavior
at the united atom limit

=P c uR R( ) e ( )d r

i

L

i iab
/ pair

ab,
0 ab

(10)

but using differently symmetrized PIPs. For instance, a
permutation of like nuclei 1 and 2 must result in P12 ↔ P21
and simultaneously in P1c ↔ P2c for c = 3,···, N. This is enforced
by constructing pair-polynomials using direct products of the
single phases28

= ···
=

u b b t t tR( )i
j

J

i j i j
p q

N N
z

ab,
1

a, , b, , 12 13 ( 1)
i j i j i j, , ,

(11)

where we have incidentally used an independently scaled set of
the internuclear distance functions, namely, taa′

pi,j = exp(−pi,jdaa′/
t0), with t0 being another range parameter. The coefficients ciatom

and cipair (for i = 1, L) of each of the symmetry-unique species are
determined by formulating and solving a least-squares problem.
The density matrix elements must, in principle, satisfy the
conservation of charge, or the total number of electrons, n =
∑abPabSab, where the orbital overlap is Sab = ∫ dr�a(r)�b(r).
This condition may be enforced simultaneously with the main
procedure of PES fitting but with a properly chosen least-squares
weight.

As one may expect, the form of eq 7 does not allow for a linear
least-squares solution for the expansion coefficients due to the
Fock matrix dependence on the density. At present, we wish to
consider only a linear class of solutions, due to its simplicity of
application by a linear regression analysis. Therefore, we have
examined several cases of linear approximations to eq 7 by
manipulating elements of the 2-electron matrix G; however, in
the calculations reported below, we describe in detail the
simplest and most effective approximation, namely, the G = 0, or
the core Hamiltonian model (CHM). In the course of numerous
tests, we have found that the other linear models considered here
yielded essentially the same results as the CHM model. (Details
of those models and corresponding test calculations are
summarized in Table S1 of the SI.)

Now, substituting eq 7 into 1 and assuming the CHM model,
we obtain a fitting equation for a generic PES given by ab initio
data on the left-hand side

= + + +E E P T V E( )nuc rep
ab

ab ab ab
(12)

and a linearly parameterized function on the right-hand side,
with the elements Pab expressed using eqs 8 and 10, and the
correction energy parameterized in the usual way

=E c u R( )
i

L

i i
E

(13)

with the definition of ui(R) = ∑j
Jy12
pi,jy13

qi,j···y(N−1)N
zi,j . The number of

linear coefficients in eq 12 depends on the size of the orbital basis
in eq 6 and the number of different atom types, with the exact
dimensions specified for each particular system in the
calculations below. The coefficients are found by linear
regression using the QR decomposition49 as implemented in
the DGELS subroutine contained in the MKL software suite.

We also note that there still remain nonlinear parameters in
eqs 12 and 13, namely, the range parameters d0, t0, and the
Gaussian exponents �a for each atom type appearing in eq 6.
Exploratory calculations have indicated so far that varying these
parameters on a judiciously chosen range can significantly
reduce the overall root-mean-square error (RMSE). Thus, all of
the results reported below correspond to the variationally best
set of these exponential parameters. Additionally, we presently
limit ourselves to the s-electron density so as to minimize the
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overall number of fitting variables, linear and nonlinear, and
consequently, the amount of ab initio data while demonstrating
the proof of principle using the simplest model possible. In fact,
the s-density approach was found to produce excellent results for
dipole, quadrupole, and octupole fits of polyatomic molecules
using PIPs,28 while extension to p, d, ··· electron density is
formally straightforward and will be examined in future
publications. Incidentally, in the discussion below, we make
the following additional definitions: the conventional M-th
order PIP representation of a PES is referred to as PIP(M), while
the core Hamiltonian model (eq 12) is called CHM(M).

All electronic structure calculations carried out to produce
training and testing set data sets were performed with
Gaussian50 and MOLPRO51 suites of codes.

3. RESULTS AND DISCUSSION
3.1. Two-Electron Systems: HeH+ and H3+. An

informative point to start is to investigate CHM on a two-
electron system since the correlation energy can be calculated
exactly for a given basis set, and the approximation of the CHM
model to the exact HF energy is less drastic than for a
multielectron system. We first consider a diatomic case, HeH+,
for which we calculate the potential curve at the CCSD/cc-
pVDZ level and generate 100 points for training the model and
another 100 points, situated at the midpoints of the training set,
for testing the fit. For the CHM model, we use a single Gaussian
s-type function for He and H atoms to represent the electron
density and assign the following permanent atomic populations:
nHe = 2, nH = 0. The number of linear coefficients in the CHM
model is 4L, which includes L terms for each of PHe, PH, PHeH,
and the correction energy ΔE. The results of these calculations
are presented in Figures 1 and 2.

We first point out that the potential energy curve spans an
extremely broad range of ∼360,000 cm−1 (∼44.6 eV) at the
repulsive wall with R = 0.225 Å to 0 at the equilibrium with R =
0.79 Å, as seen in Figure 1; the binding energy to the He + H+

products is 16,094 cm−1. Second, a comparison of RMSE
convergence shows that the CHM model attains a ∼1 cm−1

precision withM = 4, while the conventional PIP model withM
= 4 shows an error of ∼1000 cm−1 and is still at ∼10 cm−1 with
the 8th order polynomial, as can be seen in Figure 1. More
importantly, the distribution of the error for the CHM model is
relatively uniform and mildly oscillatory at the repulsive wall,
with the maximum value of 8 cm−1 occurring at R = 0.225 Å. The
PIP(8) and especially PIP(4) models execute large oscillations
at the values of R shorter than the equilibrium, suggesting
perhaps that treatment of the repulsive wall, which also includes
the nuclear repulsion term, is somewhat problematic with a bare
exponential function. Others have observed similar behavior in
the fitting of high-energy regions of methanium ion and used
appropriately modified internuclear distance functions.52

Energy decomposition of the CHM(4) fit, provided in Figure
S1 of the SI, shows a dominant contribution of the Hartree−
Fock component, which does include the nuclear repulsion
energy, while the ΔE term behaves as correction on the [0.4, 1.0]
Å region that roughly encompasses the vicinity of the
equilibrium state.

Another illustrative case is the 3-center/2-electron H3
+ ion,

which may be regarded as a product of splitting the He atom into
an H2 (D2 if the mass were to be conserved) molecule to create
two additional vibrational degrees of freedom and, therefore, 2-
and 3-body coupling terms exemplified by y12y13 and y12y13y23
and various mixed powers. For this ion, we also generated a test
set using the CCSD/cc-pVDZ level of theory evaluated along an
NVE trajectory with the total energy approximately equal to the
harmonic ZPVE and one quantum of the asymmetric stretch
(7335 cm−1). To reinforce the point made in Section 1, we show
in the SI (Figure S2) that the correlation energy is indeed a
much more slowly varying function of the nuclear configuration
than the total energy. A single Gaussian s-function was placed on
each H center, resulting in 3L linear terms (PH, PHH, and ΔE)
while setting nH = 2/3 for the formal total charge of +1. We used
3000 points to generate a series of fits, summarized in Figure 2. A
pattern that one observes in the RMSE plots is that the CHM
model tends to “run ahead” of the conventional PIP model by
two powers of the total PIP orderM, namely, the same accuracy
is achieved by CHM(M − 2) as by PIP(M).

What is also significant is that an augmented CHM(1) model
can perform comparably to a complete PIP(4) level of
treatment. Calculations show that the inclusion of the one-
body yijp and tijp terms with p = 2, 3, and 4 into the PIP basis of the
CHM(1) model produces RMSEs of 15, 2, and 1.6 cm−1,
respectively. The latter value is to be compared with the PIP(4)
RMSE of 1.7 cm−1. Incidentally, augmenting the same basis for
PIP(1) with the aforementioned one-body terms does not lead
to a better performance than the full PIP(2). These findings may
be explained by the fact that PIP(1) is, by definition, missing 2-

Figure 1. Test set errors (the upper panel) of three representative fits of
the HeH+ potential: PIP(4) and PIP(8) are the conventional PIP
representations of the 4 and 8 order, respectively, and CHM(4), the
core Hamiltonian model, is represented with a PIP order ofM = 4. The
ab initio test data curve is shown in the lower panel where the zero of
energy is the equilibrium distance R = 0.79 Å.

Figure 2. Comparison of the RMSE of the HeH+ and H3
+ fits of their

potential energies calculated at the CCSD/cc-pVDZ level of theory and
plotted on the log10 scale versus the PIP orderM. 100 and 3000 points
were used for HeH+ and H3

+, respectively.
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body terms, while CHM(1) does indeed contain such terms
through the PabHab

core products. (Full details of these fits can be
found in Table S2.)

To further illustrate the robustness of CHM, we compare
side-by-side the errors forM = 2 andM = 3 fit levels as functions
of the potential energy above the global minimum, as shown in
Figure 3. One can see that PIP(2) fails rather dramatically across

the entire energy range while CHM(2) produces a remarkably
close fit with RMSE = 2.8 cm−1. PIP(3) is a major improvement
up to 4000 cm−1 above the minimum, beyond which the error
still oscillates by more than 100 cm−1. CHM(3) is essentially
converged at this level with the RMSE = 0.4 cm−1. In other
words, as the above results indicate, the addition of a third center
to a 2-center/2-electron system (HeH+) is described impres-
sively well by CHM using a low-order PIP basis.
3.2. Methanium Fragmentation Dynamics: CH5+ →

CH3+ + H2 → CH4 + H+. One of the first examples of the use of
PIPs in a global PES fitting was reported for CH5

+,52 a system
with highly fluxional hydrogens where enforcing permutational
symmetry is crucial for correctly describing its dynamical
properties. Therefore, methanium is an excellent case for the
present methodology. The existing conventional PIP-derived
PES52 has been an important benchmark used in a number of
applications, and our present aim is to demonstrate the
performance of the CHM model relative to its conventional
PIP counterpart. For rigorous testing of the model, we consider
three configurational basins: (I) a vibrationally hot but intact
CH5

+; (II) a short-range and long-range interaction of the H2
and CH3

+ moieties; and (III) a small amount of the CH4 + H+

fragments configurations.
For basin-I, we propagate an NVE trajectory with the total

energy of 16,000 cm−1 for 50,000 steps and a 1 fs time
integration step. Every 5th point was included in the training set.
For basin-II, we carried out three sets of biased NVE

simulations, (A) by adding a harmonic potential connecting C
and H1 with the C−H1 equilibrium distance 2 Å and the force
constant of 0.5 hartree/bohr2 setting the initial kinetic energy of
5000 cm−1 and propagating the trajectory for 4000 time steps
with Δt = 1 fs. Every 4th point was included in the training set;
(B) same as set-A but with the bias potential centered at C−H1
= 3 Å, and every 4th point included in the training set; (C) same
as set-B but with a second added potential connecting C and H2
at the 3 Å equilibrium distance and every 5th point included in
the training set. To generate points for basin-III, we repeated the
calculation for basin-II/set-B but with the C−H1 bias potential
distance extended to 4 Å, saving every 5th point of the 4000
steps trajectory into the training set. In total, 13,605 training set
points were generated. The remaining points not included in the
training set (52,400 in total) were saved for testing the fits.
These calculations were carried out at the B3LYP/cc-pVTZ
level of theory.

As seen in Figure 4, basin-I and basin-II make up most of the
training set space, with basin-I extending from the vicinity of the

global minimum to 14,000 cm−1 (∼1.3 ZPVE at the harmonic
level) with at least one vibrational quantum of any one of the 12
normal modes excited. The much broader basin-II spans from
10,000 to 32,000 cm−1 range overlapping with basin-I just below
the CH3

+ + H2 dissociation asymptote. Finally, the much
narrower basin-III is centered around 41,000 cm−1 and reflects a
low vibrational energy CH4 interacting with the proton that
orbits it at a roughly 4 Å C−H+ radius. (Pair radial distribution
functions are provided in Figure S3 of the SI.)

Following the generation of the sets, we trained the models on
the 13,605 point set (cf. Figure 4) for PIP ordersM = 1−6, with
the respective PIP basis sizes L = 3, 10, 32, 101, 299, and 849.
For the CHM model, the linear spaces are L′ = 5 (L − 1) + 1 =
11, 46, 156, 501, 1491, and 4241 due to the elements PH, PC,
PHH, PCH, and ΔE. The permanent electron populations were set
to nC = 6 and nH = 4/5 so as to formally define the total charge to
be +1. Fitting weights of 1 and 0.01 were used for the potential
energy E(R) and the configuration-dependent electron
population n(R) = ∑abPab(R)Sab(R), respectively. The small
weight for the latter was introduced to prevent the individual
density elements from an occasional unphysical oscillation at

Figure 3. PIP(M) and CHM(M) training set errors for PES fits to H3
+

CCSD/cc-pVDZ potential energy data, with the horizontal axis being
relative to the global energy minimum. The upper and lower panels
compareM = 2 andM = 3 fits, respectively. One observes an essentially
complete convergence of the CHM model at the PIP order of M = 2.

Figure 4. Distribution of the potential energy of CH5
+ relative to the

global minimum, calculated at the B3LYP/cc-pVTZ level of theory.
The three basins, as defined in the text, are the (I) vibrationally hot
CH5

+, and the (II) CH3
+/H2 and (III) CH4/H+ regions. The dashed

vertical lines indicate the CH3
+ + H2 (red) and CH4 + H+ (green)

dissociation limit asymptotes.
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short internuclear distances. We then tested the fits on the
52,400-point set. A complete summary of the fits may be found
in the SI Table S3, while in Figure 5, we examine the test error of

the best conventional fit, PIP(6) with test RMSE = 87 cm−1,
against two lower order fits CHM(4) with test RMSE = 118
cm−1 and CHM(5) with test RMSE = 68 cm−1. First, we note
that the RMSEs, both for the training and test sets, are
comparable, with CHM(4) performing slightly worse than
PIP(6) and CHM(5) performing slightly better. For all three
fits, the errors on the test set tend to increase slowly and
monotonically, encompassing basins-I and II, up to ∼30,000
cm−1, the energy where the PIP(6) model exhibits several
outliers, which are not readily identifiable as outliers in the CHM
models. Five such structures, which we loosely assigned as
H2CH−H−H “giraffe”-like motifs (see Figure S4 for illus-
trations), are found in the test set, with only one closely related
structure found in the training set, reflecting the test-to-train
point ratio. The largest test errors for these five structures are
4317 cm−1 for PIP(6), 454 cm−1 for CHM(4), and 628 cm−1 for
CHM(5), suggesting that the CHM model is better behaved, i. e.
more reliable. At the top of the energy range near 40,000 cm−1,
the test errors in basin-III, on which the models were trained
with only 800 points (∼5% share of the full training set), tend to
exceed those of basins-I and II slightly and are fairly similar for
the three levels of treatment.

Summarizing this section, we emphasize that only 101 PIPs
with 501 linear parameters were required for the CHM model to
approach the accuracy of PIP(6) having 849 PIPs with as many
linear parameters, and 299 PIPs with 1491 linear parameters
were sufficient for CHM to outperform the latter. In other
words, the ratios of linear space dimensions 501/849 = 0.6 and
1491/849 = 1.7 suggest that the CHM(4) and CHM(5) models

do not require significantly more parameters and thus ab initio
training data than PIP(6) for a fit of a comparable RMSE with a
similar level of fidelity. Furthermore, as can be seen in Table 1,

the corresponding CPU times to calculate the potential are 1200
�sec for PIP(6) and 1100 and 4100 �sec for CHM(4) and
CHM(5), respectively, exposing the same effort for the
CHM(4) model and a factor of ∼3 increase in computational
complexity of the CHM(5) model. The above points are the
most obvious and important practical properties of the CHM
formulation we wish to communicate at the present stage.
3.3. High-Energy Tautomerization of Formamide. As

recent reports on the state-of-the-art of fitting the PES of
peptides have amply demonstrated,9 the need for a high-level
electronic structure treatment of such systems is necessary for
the accurate description of isomerization energies and proton
transfer dynamics, including tunneling, bond breaking/
formation, interaction with water, and other processes. Here,
we explore application of the CHM method to fitting the PES of
formamide, a derivative of formic acid that has the typical
signatures of a peptide in the Amide A, I, II, III vibrational
frequency range.53,54 Formamide possesses two main isomer
basins, the global H2N−HC�O minimum (MIN1) and a
HN�CH−OH minimum (MIN2) that is 4264 cm−1 higher
and is formally a formimidic acid based on our calculations at the
B3LYP/aug-cc-PVDZ/GD3 level of theory. The tautomeriza-
tion of formamide into formimidic acid is well studied in the
literature, and our results generally agree with past theoretical
studies.55−61 The two basins are connected by a high-energy
proton transfer transition state (TS12) 16,503 cm−1 (47.2 kcal/
mol) above the global minimum (see Table S4 for full
energetics). The energy barrier for the formamide/formimidic
acid isomerization was calculated by Wang et al.58 to be 48.9
kcal/mol in the gas phase. They also showed that the H2O-
assisted barrier height lowers to 22.6 kcal/mol.58 MIN1 can
isomerize into another identical structure via NH2 rotation over
either one of two respective transition states TS1 and TS2, 6342
and 6842 cm−1 above MIN1. On the other hand, the formimidic
acid, MIN2, can form other low-energy isomers MIN3-MIN5
via various NH and OH bond rotation saddle points54,59 (see
Tables 3 and S4 and Figure S5 for the energy landscape details).

To generate the training set, we propagated five trajectories
for each of the two main isomers with the following total
energies above their respective minima: 1241, 2482, 4964, 9928,

Figure 5. PES test set errors of CH5
+ fits trained on 13,605

configurations and tested on 52,400 configurations, calculated at the
B3LYP/cc-pVTZ level of theory, and shown here for three models:
PIP(6), CHM(4), and CHM(5). The potential energy is relative to the
global minimum. The respective training set RMSEs are 73, 115, and 58
cm−1, and the corresponding testing set RMSEs are 87, 118, and 68
cm−1.

Table 1. CPU Times in Microseconds for a Single-Point
Energy Calculation of Methanium (CH5

+) and Formamide
(H2NCHO) Using the Two Models with the Various PIP
Orders ��

CH5
+ H2NCHO

M PIP(M) CHM(M) PIP(M) CHM(M)

1 2 32 4 64
2 3 77 6 86

2* 16 110
3 24 330 37 390

3* 100 710
4 110 1100 130
5 370 4100 580
6 1200 14,000

aThe two augmented PIP basis sets used for the formamide are
marked as 2* and 3*. (The calculations were done on an Intel Xeon
4210 “Cascade Lake-SP” 2.2 GHz node using a single core).
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